We propose a physical scheme to generate entangled light at high temperatures through the excitation of vacuum fluctuations of the electromagnetic field using periodic modulations of a refractive index of a ring resonator. We consider the processes of dissipation and decoherence resulting from the coupling of the system with an environment at finite temperature and show that the total amount of entanglement generated does not depend on the temperature, which only affects the time necessary for the system to produce such an amount of entanglement.
Introduction
The generation of entangled light in integrated nanophotonic systems is of paramount importance to accomplish on chip quantum optical information processing. Entanglement continues to be a crucial resource supporting many quantum information technologies, from quantum computing to quantum security, and its generation is part of the effort to produce quantum sources that can deliver reproducible light with custom specific properties (e.g. low to single photon and squeezed light).
The conventional method of producing entangled light is based on degenerated parametric down conversion (PDC) in nonlinear optical media, such as lithium niobate or aluminum nitrate crystals [1] [2] [3] [4] . To improve the efficiency and entanglement yield of this process without excessively increasing the input power there have been put forward several proposals that realize PDC in nanocavity ring resonators (NRR). Indeed, NRR have been exceptionally successful in storing and amplifying light [5] , but delivered relatively moderate results when used to produce entangled light. The reason for this can be found, not only on the low nonlinear coefficients of the materials typically used, but also on the difficulty to combine the geometric resonance conditions of the ring with the adequate phase matching conditions required by PDC, as well as, on the challenge to shield the entangled photons from the destructive effects associated with decoherence as they circle round the ring. Furthermore, the entanglement produced by PDC is embodied in the polarization states of light, which may be difficult to preserve in integrated optics and requires specially designed waveguides that preserve polarization. So far, the production of light with some amount of entanglement has been shown in NRR with radius as small as 5µm [6] [7] [8] [9] .
However, PDC is not the only process that generates entangled light. Another family of effects exists that produce entanglement and are based on parametric amplification (PA) of light via temporal modulation of the optical properties of the medium in which light propagates.
Contrary to PDC, the change in the effective refractive index of the medium is not produced by the photons being entangled, but rather by some independent and external source via Kerr effect (or other nonlinear process). In this case, there are no phase matching conditions and the entangled light generated is free to satisfy other resonance conditions, such as those imposed by the closed periodic geometry of a cavity ring. Like PDC, the main difficulty of PA is the demand for large and fast changes of relative refractive index, typically via nonlinear effects. The recent development of epsilon near zero materials (ENZ) allows to overcome this limitation by yielding variations of refractive index of the order of unity that occur within ultrafast (femtosecond) timescales [10] [11] [12] , without dramatically increasing the loses and the associated dissipation and decoherence processes.
Another noticeable aspect of PA is that entanglement is produced not in the polarization of light, but rather in momentum, since PA entangles photons going in opposite directions. This is a consequence of the spatialtemporal symmetry breaking induced by the modulation of the refractive index, and which favours the separation of the bunches of entangled photons as they exit a ring resonator. If needed, this type of entanglement can be converted into polarization entanglement [13] .
In this work we present a proposal to generate entangled light via PA in NRR and an analyse the optimal conditions for enhanced entangled photon emission even with hard decoherence conditions associated with high temperature operation. This letter is organized as follows: in the next section we present the quantum model for light in NRR and derive the effective Hamiltonian and dynamical equations for the optical modes; the next sections studies the dynamics of Gaussian states of light at both zero and finite temperatures. The last section presents the conclusions.
Physical model The NRR is modeled as a toroidal cavity filled with a nonlinear optical material (such as a ENZ dielectric), whose dielectric permittivity can be arXiv:1910.12221v1 [quant-ph] 27 Oct 2019 Figure 1 . Scheme of the torus cavity constituting the NRR. constitutes a to modulated via an external laser as depicted in Figure 1 , while the magnetic permissivity µ is assumed to remain constant for simplicity. The normal modes Φ k of the field inside the NRR for˙ = 0 are subjected to boundary conditions on the surface of the torus and are calculated in Supplementary Material A. They constitute an orthonormal basis of the classical Hilbert space associated with the electromagnetic field. Each normal mode satisfies respectively the wave equation and the closure condition
and upon quantization, the expansion of the electromagnetic field operators in these modes takes the form
where the composite index k = {m, n} summarizes the set of quantum numbers of the normal modes. In particular the quantum number m characterizes the angular momentum of the mode, while n indicates the remaining quantum numbers of the mode. Furthermore, to keep notation simple, it was adopted that +k = {m, n} and that −k = {−m, n}, meaning that the composite indexes k and −k are related by an inversion of the angular momentum and correspond to light going round in the torus in opposite directions. Also, w k (t) = v(t)/λ k ,â k andâ † k are the respectively the time-dependent frequency, the annihilation and creation operators for the normal mode of the field with index k. The equations of motion for the annihilation and creation operators when˙ = 0 are obtained by introducing equations (3) and (4) into the Maxwell equations and by taking into account the closure relation (2), thus yieldinġ
Equations of motion (5) and (6) can be obtained as the Heisenberg equations of the effective Hamiltonian
, and g(t) = 1
These equations show that the modulation of the dielectric permittivity introduced by the external laser couples each mode with +k only to the mode with −k. In other words, it couples modes with symmetric angular momentum m and corresponding to light propagating in opposite directions inside the NRR. Therefore, from this point and without loss is generality, the analysis will be focused on a generic subspace generated by optical modes with symmetric values of m and identical n. Dynamics of Gaussian states Under realistic experimental conditions, NRR is in thermal equilibrium with the environment and the initial photon population corresponds to a thermal state with finite temperature T [14] , which in the limit of zero temperature is the vacuum state. Both the vacuum and the thermal states are Gaussian states [15] and, since the effective Hamiltonian (7) is a quadratic form in a +k and a −k , the dynamics of the system preserves the Gaussian character of the state [16] . In other words, the time evolution of the system maps Gaussian states into Gaussian states and the dynamics of the photon population can be investigated using the continuous variables formalism. In particular, the Wigner function of a Gaussian state has the form
is the covariance matrix. Therefore, a Gaussian state is fully determined by x(t) and Σ(t).
The model for the processes of loss and decoherence resulting from the coupling of the NRR to the environment assumes that the later corresponds to a Markovian bath at finite temperature T and is described using a master equation in the Limblad form (similar to [17] and [18] )
where γ is the coupling parameter between the system and the bath, n = [exp( w k /K B T ] − 1) −1 , is the mean number of quanta in the bath and w k is the frequency of the mode, respectively. Under these conditions, equation (9) expressed in terms of x(t) and Σ(t) iṡ
where M, Λ and Σ ∞ are defined explicitly in the Supplementary Material B. It should be noticed that Σ ∞ is the covariance matrix for the stationary solution of equation (11) in the absence of a modulation in , corresponding to the thermal state in equilibrium with the environment, which is assumed to be the initial state of the system before the external laser is switched on. Applying the unitary transformation x = Γx, with Γ ≡ (1/ √ 2)Λ, introduces an interaction picture where the original two normal modes are decoupled and equations (10) and (11) becomeṡ
with Λ = ΓΛΓ −1 and
corresponding to a time dependent block diagonal matrix composed by two 2 × 2 matrices M ± (t) ≡ if (t)σ y ∓ g(t)σ z , with σ y and σ z being the Pauli matrices. For clarity of notation, we represent 2 × 2 matrices using calligraphic letters. Since M is bloch diagonal in this representation, the system has been decomposed into two independent or decoupled subspaces. As it will be demonstrated in what follows, these subspaces play a critical role in the generation and conservation of entanglement by the system. Zero temperature dynamics To establish a reference for the dynamics of the system, we start by considering a system decoupled from the environment at zero temperature, for which the initial state corresponds to the vacuum state of the field and γ = 0. Then, it is possible to write the solutions of (12) and (13) in terms of the evolution operator U(t) as
where U is of the form
Replacing (17) into (15) yields the equation for U ±
Using the techniques described in the Supplementary Material B, it is possible to define a set of transformations S ± such thatU ± = S −1 ± U h S ± and recast (18) aṡ
This corresponds to the matrix form of the celebrated Hill equation [19] . Indeed, if we define
then, y satisfies the evolution of a parametrically excited oscillator in the absence of losses
The Floquet theorem [19] ensures that the general solution of this equations is of the form
where p i are tow independent periodic functions with the same period as f . The Lyapunov exponent ν determines the stability of the solution. Indeed, if ν has a real part, then the solution is unstable and grows exponentially in time, corresponding to the case of interest for a sustained generation of photons inside the NRR. The photon yield for times t > 0 is determined by the Lyapunov exponent, which can be computed using the property [19] Tr(Λ(T )) = 2cosh (νT ) ,
where T is the period of the modulation of the dielectric permittivity , as described by f . To illustrate the dynamics of the photon generation resulting from the parametric excitation, we consider two limiting cases: (i) a sharp modulation of the dielectric permittivity , typically produced by an ultra-short pulsed external laser; and (ii) a sinusoidal modulation of , typically produced by the beating of two continuous external laser beams with similar wavelengths. In the first case, f is a approximately a step-wise rectangular modulation
then (21) reduces to the Meissner equation. For a fixed ratio f r = f 2 /f 1 , ν is maximum for t i f i = π/2, such that
On the other hand, if undergoes a small sinusoidal perturbation with period T , then using perturbative techniques up to the first order, one obtains that
in which case (21) is called the Mathieu equation. This equation supports parametric resonances at specific values of T and excitation amplitudes δ / , for which the Lyapunov exponent has a real part and the number of photons gets amplified inside the cavity. The first resonance of this system occurs for T = π/f 0 , for which the Lyapunov exponent is given by
Unlike the phase matching conditions necessary for PDC to occur, which result from a careful balance between the optical properties of the medium and the geometry of the cavity, the parametric resonances associated with PA can be tuned to by adjusting the parameters of the external laser. This provides an essential mechanism for control and optimization of the photon yield of the MNRR.
Unfortunately, the operation of the MNRR at zero temperature is neither achievable in practice nor desirable for real applications, where ideally the system should provide entangled light at room temperature. Intuitively and in a classical model, the coupling between the MNRR and the environment introduces loss mechanisms. More specifically, the inclusion of strong losses in the Hill equation for classical models can prevent the existence of parametric resonances [20] . In a quantum model, besides the loss mechanism, the coupling with the environment introduces decoherence mechanisms that in principle injure the production of entangled light. In the next sections we investigate how the coupling to the environment affects not only the photon yield but more importantly, the generation of entangled light.
Finite temperature dynamics The solution at a finite temperature T is now built upon the result of the previous section. In particular, since [Λ , U] = 0, the solution of (12) is simply
where U th (t) = exp(−γΛ t)U(t). The solution of (11) can be decomposed into the sum of a homogeneous part Σ h and a particular solution Σ p , say
These results indicate that the coupling to a Markovian bath at a finite temperature T essentially amounts to computing V, which means that, for a given shape of f (t), the resonant modulation is independent of temperature and thus the results provided by equations (25) and (27) remain valid.
Remarkably, these results do not follow the intuition provided by the classical models of the Hill equation. A close analysis of the matrices M and Λ shows that in the new variables x = Γx the system supports a decoherence free subspace that is decoupled from the environment and isolated from both losses and decoherence, but which still undergoes parametric amplification by the modulation introduced by the external laser. As it shall be shown in the following section, this aspect of the system dynamics not only provides a strong photon yield, but more importantly supports a robust generation of strongly entangled light at any finite temperature.
Photon yield and entanglement generation Starting with and initial thermal state and considering a rectangular modulation, the number of photons generated in each mode for t = nT (with n integer) is
while the amount of entanglement between the two modes measured in terms of logarithmic negativity is
For the sinusoidal perturbation we get the same results, but now with F r ± calculated according to
Both cases lead to similar expressions for the average number of photons in the mode and the logarithmic negativity of the state, strongly suggesting that they depend weakly on the particular shape of the modulation. Indeed, in the asymptotic limit t → ∞, the number of emitted photons becomes
where F − can refer to either modulation scenario. Hence, the rate of photon production tends to 2ν, as shown in Figure 2 . Equation (33) shows both modulations will always produce entanglement and that the entanglement is proportional to the number of photons produced, as expected. Figure 4 shows the evolution of the amount of entanglement as a fraction of a maximally entangled symmetric Gaussian state with the same number of photons E max (N ) (see Supplementary Material C) The results show that, for a system with no coupling to the environment, the modulation will eventually converge into a maximally entangled state. However, the behavior is different if the system is in contact with a thermal bath. Then, we find that the logarithmic negativity always tends to E max /2, independently of the value of γ. This can be explained by the existence of two independent subspaces in the system: (i) the first is coupled to the environment and undergoes decoherence, so any entanglement generated in the initial times is eventually destroyed for later times; and (ii) the second which is a decoherence free subspace, where the generated entanglement can be stored and accumulated indefinitely for any arbitrary temperature. Although entangled light is always generated, the occurrence time necessary for the first pair photons to be produced is delayed as the temperature or the coupling with the bath increase, as shown in Figure 3 . To estimate the photon yield and entanglement production, we considered experimental values for this type of systems. For example, at room temperature and for λ ∼ 2πR it results that k B T / w ∼ 10 6 Rn, where n is the refractive index of the NRR. For R in nano-scale this implies k B T / w ∼ 10 −3 n while for R in micro-scale it it implies k B T / w ∼ n. Also, for refractive index characteristic of ENZ materials n ∼ 0.1 the occurrence time is very small, negligible in fact. These estimates strongly suggest that this type of systems are experimentally viable as micro and (eventually nanoscale) sources of entangled light.
Conclusions In this work we proposed an experimental setting which is capable of supporting and amplifying entanglement at an arbitrary finite temperature. In more detail, we considered the excitation of vacuum fluctuations of the electromagnetic field through the periodic modulation of the refractive index of a ring resonator. We analyzed the optimal conditions for resonance and found that is always possible to amplify radiation, regardless of the loss regime. Furthermore, we found that the tuning between the frequency and the amplitude of the external modulation is the preponderant factor in order to achieve resonance, and not the shape of the modulation.
We were able to verify that the existence of a decoherence free subspace that allows quantum correlations to survive, making entanglement viable even at high temperatures. We also discussed the asymptotic limits for the rate of photon production and for the persistence of entanglement.
Hopefully, in exploring the theory of generation of entangled light, these results will add a contribution to the rising of quantum information technologies.
